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Abstract 

Let H^'' denote the upper half plane H with r additional odd (anticommut- 
ing) coordinates. It admits a transitive super action of a certain super Lie 
group G . First we define the spaces of super automorphic and cusp forms 
on H^'^ for an ordinary lattice of G and give an asymptotic formula for their 
dimensions for high weight. For involving also the odd directions of Q we 
introduce local super deformation of lattices in Q and show that for high 
weight the spaces of super automorphic and cusp forms are stable under 
such local super deformations. 



Introduction 

By now, super symmetry has been a current topic in physics for a long 
time with fruitfull influence on mathematics: Algebraic super structures 
and super manifolds were first invented as suitable mathematical tools 
for describing super symmetry in physics, but then they became more an 
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more an independent field of research because of the elegance of the theory 
itself and the natural appearence among well-known classical mathematical 
structures, think for example of sheaves of differential forms. In purely 
mathematical context 'super' means: add 'odd (anticommuting) directions' 
to 'classical' objects. This leads to Z2-graded structures and the notion 
of super commutativity. So the theory of super manifolds embeds into 
the wide field of non-commutative geometry. I do not want to give a 
complete introduction to super manifolds here, the reader is referred to the 
literature, for example [2] and [5]. However, in section 1 I will briefly recall 
the definition and basic properties of the super upper half plane H^^ as a 
super domain. Let me remark that there are two almost equivalent ways of 
describing super manifolds: via super numbers and via ringed spaces. Here 
I prefer the second one since it is more adapted to functional analysis. 

(Compact) Riemann surfaces have become objects of interest in physics as 
a model describing string theory. Most of them can be written as the upper 
half plane H divided by a lattice in AutH ~ 5'L(2, IR)/{ibl} , which leads 
to a relatively simple description of their moduly spaces, see [6J. Finally 
automorphic forms play an important role in mathematics because of their 
connections to number theory, representation theory and algebraic geometry. 
For physicists they are of interest as an example of geometric quantization. 
In this article these three concepts will be combined. Translated to physi- 
cists' language this means, we aim at studying quantization of super strings. 

We let a certain real super Lie group G act on H^^' , and we want to fix a 
'lattice' in ^ . A3 lines calculation shows that any (0, 0)-dimensional sub 
super Lie group of G is nothing but an ordinary discrete subgroup in the 
body G of ^ , and so up to this level we can forget about the odd directions 
of ^ . So how can we generalize the notion of a 'lattice' in G in order to 
involve also the odd directions of ^ ? The answer is: local super deforma- 
tion. A single lattice in G has no chance to see the odd directions, but a 
whole family of lattices of course does if at least some of the 'parameters' 
parametrizing the family are odd and so all 'parameters' together generate a 
super commutative super algebra V . Such families will be called T'-lattices, 
they are local super deformations of the embedding of a single lattice into G ■ 

There is some hope that as in the classical case super automorphic forms 
for a 7^-lattice T will become a tool for 

• decomposing the left translation of the super Lie group G on some 
space of super functions on ^/T . The first aim will be to find an 
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appropriate analogon for the classical L^-space since integrability con- 
ditions do not make sense in the case of a P-lattice, 



• identifying the quotient T \H^^ with some super algebraic variety, see 
theorem 12.51 (iii) as a first step. 

The paper is organized as follows: In section 2 we deal with the case of an 
'ordinary' lattice in G . Already this case is not at all trivial, and we give 
an asymptotic formula for the dimension of the spaces of super automorphic 
and super cusp forms for high weight k , see theorem 12.51 . This is done by 
writing super automorphic forms as global sections of vector bundles on 
the compact Riemann surface X := T'^\HU {cusps} , where denotes 
the underlying lattice in AutH . 

While the classical deformation theory of lattices is already well-established, 
see [7], in section 3 we talk about the generalization to the super case, 
giving both precise definitions, non-trivial examples and the connection 
with cohomology. Finally in section 5 we discuss super automorphic 
and cusp forms for 'P-lattices. The main result here is the stability 
of the space of super automorphic forms for an ordinary lattice under 
its local super deformations for high weight k , see theorem 15.91 which 
is obtained as a special case of local sheaf deformation discussed in section 4. 

Acknowledgement: I have to thank M. Schlichenmaier from Luxembourg 
and T. Bauer from Marburg for many helpful comments during the writing 
process and the Fonds National de la Recherche Luxembourg for funding 
my research stay at Luxembourg university. 



1 the general setting 

Let r G IN (later in section 5 we have to exclude the case r = 2 ) 
and (GL(2,C) x G'L(r, C))'^^ be the complex super Lie group with body 
GL(2, C) X GL{r, C) and 4r additional odd (anticommuting) complex coor- 
dinates, where we sum up the 4 -|- even and 4r odd complex coordinates 
into an even super matrix 





fa 


b 




9 = 


c 


d 
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E 
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The equations gig* = I and Ber g = I , where I :- 



i 









-i 







1 



and 



Ber g := det 





det£^ ^ denotes the super 



determinant (the so-called Berezinian) of g , define a real super Lie group Q 
of super dimension (3 + r'^,Ar) with body 



G :-- 



eh 








E 



e G h e SL{2, R), E e U{r), = det E 



and super Lie algebra = 0o ® 0i j 

r / 



00 



a + itrD 



-a + \ixD 



\ 







D 



a,b,ceJR,D £ u(r) 





= sZ(2,]R) 


e u(r) , 








V* \ 











01 := < 






-u* 






y U V 


y 



u, V G 



Let H\'^ denote the usual upper half plane H := {Im > 0} C C with r 
additional odd (anticommuting) complex coordinate functions. Then H^'^ is 
in particular a super domain, and we recall the basic properties. 

As a super domain if'^ is defined as the ringed space {H,Oh 'S' , 
Oh "X" a being a sheaf of complex unital associative super commu- 
tative super algebras, the sheaf of holomorphic super functions on H^'~ (by 
definition Z2-gradcd). This sheaf even admits a Z-grading coming from the 
well-known Z-grading /\ (C) = 0p=o A'' (C*^) of the exterior algebra, and 
for U C H open we write O (J/I^) := 0{U) » A (C^ = ©p=o C"' (C/l'') , 
where Qp ([/I'') := 0{U) (g) A'' (C) ■ The odd complex coordinates of H\'- , 
which are nothing but the standard basis vectors in A (C'') = , will 
always be denoted by Ci, • • • , Cr • We denote the power set of {1, . . . , r} by 
p(r) , and for every I G p(r) , I = {ii, . . . , ip} , ii < ■ ■ ■ < ip , we write 



C • — Cil ' ' ' dp ■ 
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Therefore every holomorphic super function f e O {U^'') has a unique de- 
composition / = fiC^ , ah // G 0{U) . The super automorphisms of 
H^^ are by definition the automorphisms of H^"^ as a ringed space. So every 
super automorphism $ of H^^ has an underlying ordinary automorphism 
G Auti? , which is called the body of <I> . In practice the super automor- 
phisms of are given by tuples (/, Ai, . . . , A^) G O {H^'')^ O (i/l^)®'' , 
and in this notation the body is given by G 0{H) , where we denote by 
the Oj^-linear extension of the canonical projection * : /\ (C) — )• C . 

We have a transitive holomorphic super action a : G x H^'' — )• H^'' of Q on 
I'' given by super Mobius transformations 



a 


b 




c 


d 


V 


P 


a 


E 



\ 



az + b -\- fi( 



cz + d + uC \ pz + a + EQ 



Its body a* : G H ^ H extends the well-known action of 



SL(2,1R) ^G,h^ 



on H by classical Mobius transformations. By a we have a group homomor- 
phism from G into the group of super automorphisms of H^^ , and if we apply 
in addition the body functor from H^"^ to H to these super automorphisms 
we even obtain a group homomorphism 




# . 



: G AutH ~ SL{2,TR)/{±1} , 



eh 








E 



e G , h G SL{2,Wi) , E G ?7(r) , = det^ . Go := ker# C G is a 

compact subgroup. Since G is an almost direct product of SL{2, IR) and 
Go C G we see that G is unimodular. 



By the way, via a super Cayley transform mapping biholomorphically the 
super unit disc B^^ onto the super upper half plane H^^ by super Mobius 
transform this situation is equivalent to the one treated in jl] , where 
the super Lie group SU{1, l|r) acts on B^^ via super Mobius transformations. 



For a lattice F IZ G , which means by definition discrete of finite covolume, 
we define Tq := TnGo C Go finite , r# := { 7# | 7 G T} C AutH and f to be 
the preimage of T"^ under the canonical projection : SL[2,TR) — )• AutH . 
Then f C SL{2,TR) G is at the same time the set of all h G SL{2,JR) 
such that there exists r] £ Gq with hrj £T . Moreover: 
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Lemma 1.1 r# C AutiJ and f C SL{2,'R) are lattices. 

Proof: and F are trivially discrete. For proving that F# and F are of 
finite covolume let $7 C SL{2,Ii) be open such that f $7 = SL{2,1R) and 
-yfi n 7^ for only finitely many 7 G f . Then the same is true for J7 Go 
with respect to F . So vol Go < 00 and so also vol O < 00 . □ 

So X := r*\i? U I cusps of r*\i7} has the structure of a compact Rie- 
mann surface. Let ttx ■ H — t- T'^\H X denote the canonical projection. 
Let zq G df>iH , then there exists g G AutH such that (7ioo = zq . For 
using the standard notation we can iV^" := gN'-'^g-^ C Autif the nilpotent 
subgroup associated to zq , where N^°° is the image of the group embedding 
R ^ AutiJ assigning to t G R the translation z z + 1 , and we call an 
open set i7 C H a neighbourhood of zq iff there exists R > such that 
g {Im z > R} C U . If zo is a cusp of F#\ H then the neighbourhoods of 
zo in H are precisely the subsets U C H such that Trx{U) is a punctured 
neighbourhood of in X . 

In the end of this section let us discuss two examples of lattices F IZ G : 



Examples 1.2 



Let 70 := 



(i) R 











Eo 


= det £^0 • 




1 




-1 



G Go be of finite order N with Eq G U{r) , 



and 5* 



1 

-1 



G SL{2,TR) generate 



SL{2, Z) . Let furthermore E,F e Zy^r) (Eq) such that = i;™ , 
F^ = Eq and det F = —Eq for some m, n G IN , e, 77 G U{1) such that 
£^ = det E , rf = det F and = e'q . Then 70 , 



R :-- 



eR 








E 



and S := 



rjS 








F 



generate a lattice F c G with Fo = (70) and f = SL{2, 
free group in 70 , and S moludo the relations 



It is the 



R^ = j^,S^=j-, 



70^ = 1. 
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(ii) Let X be a compact Riemann surface of genus g* , m €z ISl , 
3g* + m > 4 , and si,. . . ,Sm S X . Then the universal covering 
oi X \ {si, . . . , Sm} is isomorphic to H , and by [6] one can write 
X \ {si, . . . , Sm} = r'\ H , where V C SL{2, M) is a lattice without 
elliptic elements, —1 ^ T' and T' ~ tti (X \ {si, . . . , Sm}) ■ It is the free 
group generated by some hyperbolic elements Ai, Bi, . . . , Ag* , Bg* and 
parabolic elements Ci, . . . , Cm £ SL{2, IR) modulo the single relation 
[Ai,Bi]---[Ag*,Bg,]Ci---Cm = l . 

Let furthermore Ek, Fk,Hi £ ^c/(r) , k = 1, . . . , g* , / = 1, . . . m , such 
that [Ei,Fi]---[Eg,,Fg,]Hi---Hm = Eq and ek,r]k,^i e U{1) such 
that e| = det E^ , r]l = det F^ , ■d'j = Hi , k = 1, . . . , g* , / = 1, . . . m , 
and 'di ■ ■ ■ 'd^ 

= £q . Then 70 , 



A 



k ■- 



>^kAk 








Ek 



Bh 



VkBk 








Fk 



k = l,...,g* 



and Ci :- 











Hi 



,1 = 1, . . . , m , 



generate a lattice T \Z G with Tq 



(70 



r# 



V and 



^9* ' Bg* 



Ci • • • Cm — 7o 



If m > 1 then P is the free group in the generators jq , Ak , Bk 
k = 1, . . . , g* , and Q , / = 1, . . . , m — 1 (!) , modulo the relations 



Bk,7o 



Ci,lo 



70^ = 1. 



If m = then necessarily 70 = 1 , and so T is the free group in the 
generators Ak , Bk , k = 1, . . . , g* , moludo the single relation 



Ai,Bi 



Ag* , Bg* 



2 super automorphic forms for ordinary lattices 

On g X H\'' we have a cocycle j G (v{g)^W (i?''')) , where 
V{g) ~ C°°(G)® A (IR^O , G being the body of g , denotes the space of (real 
valued smooth) super functions on g and by 'Kl' we denote the Z2-graded 
tensor product, given by 
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1 



3 g,- 



^ y cz + d + 
and for each A; G Z the assignment 





fa 


b 




9 = 


c 


d 


V 






a 


E 




J 9,- 



c 



defines a Za-graded hnear map \k : O {H^'') V{g)'^MO {H^') and 
for each g & G and U C H open a Z- graded (!) linear map 
\g,k ■■ O (((/*[/) '"^^ ^ ©([/I'') . Usually we will drop the index k . 
Observe that the Berezinian of the super Jacobian of a with respect to 

z 



c 



is precisely given by j , see |T] 



For defining super automorphic resp. cusp forms for a lattice T first we have 
to give a notion of boundedness resp. vanishing of a super function on the 
super upper half plane H^^ at a cusp of T'^\H . For this purpose let 



(1) 





( 1 










;:) 




















Eq 



£0 G Uil) , Eo 



ei 



V 



E U{r) diagonal, Eq = det-Eo i and let 



/ = Eiepir) fiC' G O ({Im z > RY^) ,R>0. Then for ah / G p(r) 

//C'|,„ = //(^ + l)^o'"'" det/SoC', 

where det/ Eq := Hie/ ^* ' det/ Eq ^ U (1) . So if /Ig^, = / then 

all // are quasi-invariant under z ^ z + 1 . 



Definition 2.1 

(i) Let > and / = E/epCr) fiC^ ^ ({I™ ^ > ^i'"') such that 

f\go ~ f ■ Then / is called bounded (vanishing) at ioo iff all fi{z) , 
I £ p{r) , are bounded (vanishing) for Im z oo . 
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(ii) Let zo G d-piH and 7 G G such that 7* G iV^" \ {id} . Let C/ C F 
be an open 7*-invariant neighbourhood of zq and f ^ O (C/'^') such 
that /I7 = / ■ Take some g ^ G such that g^^ioo = zq and either 
50 := 9~^ig or d'^l^^Q is of the form ([T|). Then f\g is invariant 

under . / is called bounded (vanishing) at zq iff f\g is bounded 
(vanishing) at ioo . 

Of course we have to prove invariance of definition 12.11 (ii) under the choice 
of 5 e G : 

Let 5 G G such that q'q := g'^gog is again of the form ([1]) with 
some e'o G ^7(1) , E'q £ U{r) diagonal, = detSg • Then 
e'q = Sq , and so g and go commute in the upper left corner. 
Therefore 



9 = 



















1 


















E 



with some e G J7(l) , 5 G M , S G C/(r) , = det S . So /l^ is 
a linear combination of terms fi{z + S)C,'^ , I, J £ p{r) . □ 

Now let r C G be a lattice and G Z . 

Definition 2.2 (super automorphic and super cusp forms for F ) 

Let / G O . / is called a super automorphic (cusp) form for F of 

weight k iff 

(i) f\-y,k = / for all 7 G F , 

(ii) / is bounded (vanishing) at all cusps of F#\ H in the sense of definition 

EH 

The C- vector space of super automorphic (cusp) forms for F of weight k is 
denoted by sMfc(F) (resp. s5fc(F) C sMk{T) ). 

Since \g respects the Z-grading of O (i^''') for all G G we obtain a 
Z-grading sMfc(F) = ©;=o^^fe(r) (^sp. sSk{r) = ^l^o^S^i^) ) ^^ere 
sMf (F) = sMk{r) n OP {H\^) (resp. s5^(F) = sSk{r) n O'' (i/l'') ). 
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Examples 2.3 



(i) If r C SL{2, R) G is a lattice then sMf (F) = Mk+p(T) /\^ (C^ 
for all /c G Z and p = 0,...,r , where M^+piT) C 0{H) denotes 
the space of ordinary automorphic forms for F of weight k -\- p . 
In particular if —1 G T and k + p \s odd then sM^iV) = . This 
behaviour corresponds to the philosophy of super symmetry to regard 
different sorts of bosons and fermions as components of one super 
particle. 



(ii) As a special case of example 11.21 (i) let r = 1 and F IZ G be the lattice 
generated by 



R :-- 



eR 








£-1 



and S := 



iujS 











Let r] := eia^ H^i ~ gSTrinz^ denote Dedekind's eta function. 



If e = e a and uj = I then r/^ generates sM^(T) , and 
sMliT) = M2(SL(2,Z))C = . 

If e = e~~ and uj = —1 then r/^C generates sMg(F) , and 
sMO(F) = C . 



In both cases we have Fq = {1} . The result can be seen by computing 
directly the vector bundles (in fact line bundles here) on X (the 
Riemann sphere here), which will be defined in {i}, and their degrees: 
In the first case degi^^ = and degE'J = — 1 . In the second case 
degE^ = and E^ is of course trivial. 



Similarly also the square of the theta function 9 := X^nL-oo ^^^^ ^ 
be realized as an even or odd super automorphic form. 

(iii) Let F IZ G be a lattice such that F IZ SL{2, Z) is of finite index and 



q := min {q' G IN \ {0} \{z z + q) eV} . 



Then there exist eq G U{1) and Eq G U{r) , which we may assume to 
be diagonal, Eq = det Eq , such that 
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( 1 










::;) 





70 : = 















Eq 



G r. 



Let u e ]R>o such that e'^'^'^'' = ej^'^' det/ . Then the function 
/ = g27ri;/z^/ jg already invariant under l^g^jk , and a simple estimate 
shows that the relative super Poincare series 



7e (7o>\r 

converges absolutely and uniformly on compact sets of H and defines 
an element in sMfe(r) , lying in sSk{r) iS v > . 

Prom now on let p G {0, . . . , r} be fixed. Then for all g e Gq and U C H 
open \g is an e)(?7)-linear (!) operator on OP (C/l^) with A" (C^ as invari- 
ant subspace. Moreover | defines a unitary right representation of Go on 
A'' (C) . Write 



/\^ (C) I a|^,fc = a for all r? G Fq} C /\^ (C) 

for all A; G Z and p G {0, . . . , r} . Then obviously sM^{T) C 0{H) (g) V^^ for 
all A; G Z . As a first observation we remark: 

Lemma 2.4 The families {Vk)ke'Z of subspaces of f\'^ (C) are \VQ\-periodic. 

with some 



Proof: Let 77 G Pq , which is then of the form 77 = 

e G and E G ?7(r) , = detE" . Since rj^'>\ 
Now for all /9 G {0, . . . , r} , a = E|/|=p a/C e A'' ( 



el 







^) 


we 


obtain 


and G Z 



\i\=p \i\=p 

Let /> G {0, . . . , r} be fixed. Here now the main theorem, which we will prove 
in the end of this section: 

Theorem 2.5 (main theorem) 

(i) There exists fco G Z such that sM^{r) = for all k < ko ■ 
(a) For k — >■ +00 we have the asymptotic behaviour 

f k vol ( r*\ H) \ 
dim5S^(P) , dim.M,^(r) = dimF," ^ ^ + 0(1) . 
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(in) 7/ Fq = {1} and T'^\H has no elliptic points there exists fci G Z such 
that for all k > ki , given bases {/o, . . . , fn} of sM^{T) and {Ai, . . . , A„} of 
sM^(r) , then [/o, . . . , /m; Ai, . . . , A^] defines an embedding ofT^H^^' into 
the {m,n)- dimensional complex super projective space as a complex (1,?")- 
dimensional sub super manifold. 

Lemma 2.6 

(i) For all k ^ "L there exists a unique unitary (left) representation ipk ofV 
on Vj) such that for all U C H open, f G 0{U) Vl^ C QP {U^') , 7 G T 
and 7 G r representing 7* ; 



(2) /l7 = ^fc(7)-V(7*^)J(7,^)'+^ 

where we have extended (7) as an 0{U)-linear map to 0(U) ■ 

(a) Let U C H be open and -invariant and f G (U^'^) . Then in partic- 
ular f is invariant under all \^ , £ T , iff f £ 0{U) <^ Vj^ and 

fk iiy^ f iiz) j (7, = / 

for all J £T . 

Proof: (i) Let 7 G L and G Go such that 7 := 777 G F . Then 

So formula ([2|) gives the right expression for iff we define 

(7) a := a\^-i for all a £ . But we have to check that this in- 
deed defines a unitary representation of T on . 

For proving well-definedness first we show that again a\^-i G Vj^ : Let 
1? G Fq . Then since Fq <l F also rj^^-drj = 7~^'!97 G Fq . So 

Now let us show that a|,^-i is independent of the particular choice of rj giving 
77/ G F : Let also "d £ Gq such that 71? G F . Then 'd~^r] = {'yd)^^ 7 G F so 
G Fq . Therefore 

a|^-i = a|^-i^|^_i = a|^-i . 
The rest is straight forward. 



(ii) now trivial. □ 

12 



Lemma 2.7 There exists a unique character x '■ — )• U{1) such that 
Vk+2\ro\ (7) = X {^) (7) for all k £ Z and ^ et . 



Proof: Let 7 G f and r/ = G Gq , e e U{1) and E G U{r) 

having = deti5^ , such that 7 := 77? G T , and let a = Yl\i\=p'^iC^ ^ ■ 
Then 7 = 7* , and by the proof of lemma 12.61 (i) we see that 





For checking well-definedness of x (7) l^t also ?? = 




F 



) 



G Go , 



cj G U{1) and F G f7(r) having o"^ = detF , such that 71? G F . Then 

1 I r I 

r/~^?? = (7??)" 7?? G F , so T]""*^"!? G Fq , which implies (ry^"*^"!?) = 1 . 

Therefore cjI'^oI = el^ol . □ 

For X G H we always denote by [x\ G Z and {x} G [0, 1[ the unique numbers 
such that x = [xj + {x} . Let us define holomorphic line bundles and 
^twist g^j^^ holomorphic vector bundles and on the compact Riemann 
surface X = F#\i? U {cusps of F#\i7} with the following properties: 

{i} If we define 



EP := (r*X)® L^J 4™* Mfc 
( := (T*X)® L^J » ® 4"'^t » ) 

then for all U C X open F^°' {U, E^) ( F^°i ([/, F,*=) ) is the space of 
super functions / G C (7r^"'^(C/)l^) having /|^ = / for all 7 G F and 
being bounded (vanishing) at each cusp of F*\i7 belonging to C/ , so 
in particular sMf (F) = i/O (F^) ( s5^(F) = i/O (Ff) ), 



{ii} /c I— )• deg L^™^*^* is a bounded function, and finally 

{iii} the families {Mj^)^^,^ and {Xk)^^.^ in fact consist of only finitely many 
vector bundles. 

For this purpose let us split k = I + 2|Fo|m , / G {0, ...,2|Fo| — 1} , 
m G Z . We will define all these bundles by local trivializations and iden- 
tification of the fibres on the overlaps; and X^ will have typical fibre . 
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at regular points of X 



Let z e H he regular. Then its stabilizer in is trivial 
and therefore the canonical projection tcx : H X is locally 
biholomorphic at z , so we take vr^^ as a local chart of X at z . 
Let 7 G r . We have to indentify the fibres at the points z and 

7*2; : 

for L° : {-f*z,s) - {z,s) , 

for L^^'^t : {-f#z,s) ~ (2,% (t*)^™^) , s G C , 

and for and Nk : 

(7*^,5) ~ (z,j(7,zf{'^i<^i(7r''5) , 
S eV^ , where 7 denotes a representant of 7* in f . Since 

SU = j (7, ^)'+'' v^k ii)-' s = x (7*) j (7, ^)'+'' (7)-' s 

for all 5 G V^'' , and for T*X we have to identify 

(^j*z, - ^2, (^7#) (z)s j , 

where (7*)' (2) = j (7, z)^ , we see that indeed and in {i} 
are given by the identification (7*2,5) ~ {z,S\^{z)) , S G , 
and so {i} is true at regular points. 



at elliptic points of X : 

Let zo G -H" be elliptic. Then its stabilizer (r*)^° is cyclic of finite 
order n > 2 . Since the action of Auti? on H is proper there 
exixts a (F*) ^"-invariant open neighbourhood U (Z H of zq such 
that the canonical projection tt^q : (F*)^°\ H ^ X restricted to 
(r*y°\U is biholomorphic. Now let c G SL{2,C) be a Cayley 
transform mapping the unit disc B G C biholomorphically onto 
H such that cO = zq . We take 



14 



as a local chart of X at 'zq . Let (F*)^'' be generated by 7* , 
7 G r , such that o 7* o c G Aut(S)° is the multiphcation 
with e~ , and let again 7 G f represent 7* . 

Let el , u = 1, . . . jdimF;'' , form a basis of V/' = , el 
being an eigenvector of j {'y, zq)'''^^ (fi {'y)~^ to the eigenvalue 
g-27rjaL ^ al e , u = l,...,dimVj'' . Let x (7*) = e^""'^ , 
(5 G . Then every e[, is at the same time an eigenvector of 
j{l,zo)''^^'Pkiir^ to the eigenvalue e-M^l-'^l^ol+mS) _ p^^. 
defining the bundles we have to identify the fibres at the points 
zeU and (c-^z)" G B : 

(I (fe + p){n-l) I \ 

for Lt^i^t : - ((c-^z)'' , (c-i^)""^'"^^ s) , 

and for and ATj^. : 

where 



:= n({m(5}-{(7^-^|ro|+m5}) + 

_ (fc + p)(n-l) 
L 2n J ' 

Observe that j (c~^7c, = j (7, zq) for all w G -B . Since for 
T*X we have to identify 

(z,.)~((rt)",(c-7(.)-i 

and (c~^)'(z) = j(c~^,2:)^ we see that and in {i} are 
obtained by the identification 



k + p 



(n-1) 



Now let F C i7 be an open 7#-invariant neighbourhood of zq 
and / G 0{V) such that /e[, is invariant under |-y . Then 
h:=f {cw) j (c, w)''+^ fulfills 
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n = n ie " w j e ^ " n'"'' /, 

and so ordo/i > n [al — ^ \To\ + mS] . Therefore 
h w~^^^^''~~^^°^~^"''^^ is invariant under w i— t- e~w and still holo- 
morphic at = , so /e[, e F^"^ {7r{V),E^) = T^"' {tt{V), Fj!) . 
This shows {i} at elliptic points. 

at cusps of X : 

Let zq € d-piH be a cusp of r#\ H and A^^" C Auti? its asso- 
ciated nilpotent subgroup. Then iV^° n is infinite cyclic. Let 
7 G r and g € G such that 7* generates A^^" n and 
go := g^^^g is of the form ([1]). Again choose an open 7*- 
invariant neighbourhood U C H of zq such that the canon- 
ical projection tTzq '■ {i'^)\H U {zq} —5- X restricted to 
(7*)\C/ U {zo} is biholomorphic. So 



U m H {^*)\U U {zo} {z^z+l)\HU {^oo} 
— > rS 

is a local chart of X at . Let g G SL{2, M) represent 5* , and 
let 7 G r represent 7* such that g^^jg = 

Let again , = 1 , . . . , dim Vf , form a basis of VJ'' = , 
being an eigenvector of (pi (7) ""^ to the eigenvalue e~^'^^"'' , 
al e M , 1^ = l,...,dimVi'' . Let x (t*) = e^'^*'^ , (5 G M . 
Then e\y is at the same time an eigenvector of (t)"^ to the 
eigenvalue g-27rj(o-J,+m5) ^ j^^^^^ identify the fibres at the 
points z G f7 and e^'^*^'*'''^ G B : 

for Ll : (z,.) ~ (e^-^*"^., e^-^*"44^J , 

for L*^'*^* : {z,s) ~ (^g^'^iff*"'^, e-^''^^'"'^^^*"'^^^ ^ 




and finally for and Ni^. : 
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where := {m6} — {crl + m6^ for and 

fl'^ := {md} - (l - {-crl - m6}) for Nk . Observe that for all 

xeTR 



1 - {-x} = { 



{x} if X ^ Z 
1 if a; G Z 



Again for proving {i} observe that T*X is given by the identifi- 
cation 



-27rig# ^ 



and j (z) = j (5 ^,z)^ . So we obtain and in {i} 

by the identification 



resp. 



Let again y C ?7 be an open 7'^-invariant neighbourhood of zq 
and / G 0{V) such that /e'^^ is invariant under |^ and bounded 
(vanishing) at zq . Then h := f [g'^z^ j {g, z)^^^ is quasiperi- 
odic h = h{z + l) e-2'rK<^i+'"'5) and bounded (vanishing) for 
Im z ^ +00 . So ^e-M^J'+"»4^ (resp. h e'M^-i-''''^-'^^})' ) 
is invariant under z 1-^ z + 1 and bounded for Im z +00 . So 
fei G r^-' {7^{V),E'^) (resp. M G T^^' HV),F^) ). 



Let R denote the number of elliptic points and S the number of cusps of 
T#\H . 

For proving {ii} impose a metric on the holomorphic line bundle L*™'*^* 
whose curvature is concentrated in small pairwise disjoint neighbourhoods 
of the elliptic points resp. cusps of r#\iy . It turns out that the total 
curvature of such a metric is bounded by tt (i? + 5) . But the total 
curvature of any metric on the holomorphic line bundle L^^^^* is given by 
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f degL*"'*^* , so IdegLt"'*^*! < 2{R + S) . 



Now we prove {iii} : 



Obviously there are at most 2 |ro| possibilities of how to indentify 
the fibres at and z , z € H regular. In the identification 
at an elliptic point zq since Q[, G Z is of absolute value < 2n there 
are at most 4n — 1 possible values for . In the identification at 
a cusp zq for fixed / and v there are at most 4 possible values for 



0,1, since on one hand iri' I < 2 and on the other hand Q 



-cr' 



mod 



□ 



Obviously 



degLO 



{k + p){ni - 1) 
2ni 



k + p 



for k -w iboo . Let g* denote the genus of X , so degT*X = 2{g* — 1) . A 
standard calculation using the total curvature of X and the fact that H is 
of constant curvature —1 shows that 



. . . l\ vol (r*\H) 



So we obtain the asymptotic behaviour 



> 0. 



(3) deg ( {T*Xf L^J (^Ll^ 4"'^*) 



k vol {T*\H) 



for k ibcxD . 



27r 



+ 0(1) iboo 



Lemma 2.8 There exist kQ,ki G Z such that 

(i) {{TX E^Y) = for all k < ko , and 

(ii) for all k > ki : {E^),H^ {Fjl) = , and T^°^ (0,^^) is generated by 
global sections. 

Proof: By {iii} we may assume that and Ni^ are independent of k . 
So we obtain the result combining ([3]) and lemma 7.1 b) of [3j , which 
says that given any coherent sheaf F on a non-singular projective curve 
X , there is an integer do such that if L is a line bundle over X of de- 
gree > do , then F0L is generated by global sections, and H^{F®L) = . □ 
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Now we prove theorem \2.5[ (i) Serre duality tells us that 

which is if k < ko , ko € Tj he given by lemma [221 

(ii) By the Riemann Roch theorem applied to Ej^ , which is of rank 

rik := dimV"^'' , we obtain 

dimH"^ [El) - dimH^ [E^) = ci [E^) - nt {g* - 1) , 

where ci (-E^) = deg /\"'' E^. denotes the first Chern class of E^. . But 
dimi/i {E^) = for /c > fei , fci G Z be given by lemma [2?8| and 



ci {El) = n, deg ((r*X)^ L^J ® ^ ® L'r') + deg /\"' M, 



Ik 

k vol {T*\H) ^^^^ 

(iii) Let fci G Z be given by lemma 12.81 with respect to p = 1 . With- 
out restriction we may assume that for all k > ki the holomorphic line 
bundle E^ is already very ample. So let k > ki and zq ^ H he arbi- 
trary. Without loss of generality we may assume that fo{zQ) ^ . So 
:= (/i, . . . , /m, Ai, . . . , \n) defines a super morphism from f/'^ to C™'" 
with body 

JO 

U C H being a suitable open neighbourhood of zq . Since the line bundle 
E^ is very ample all ipzg glue together to an embedding X M> P™ . 
Furthermore r^°^(0,£'^) is generated by global sections according to 
lemma [THl (ii) , which shows that {sD ^zo)"^ i^o) is injective. Therefore all 
glue together to the desired embedding. □ 



3 P-lattices 

Let V = Vq ® Vi he a, real finite dimensional unital associative and super 
commutative super algebra having a unique maximal ideal X (so V is local, 
and automatically Vi\ZT and T is graded) , = for some A'^ S IN , and a 
canonical projection : — )■ V /T ~ IR . Examples are V = /\ (IR^^^) and 
V = TR[X] I {X^) , the second being purely even. As promised, for a lattice 
T nG = g* we will now discuss super deformations of the embedding 
T ^ Q 'parametrized' by the generators of V . We will call such super 
deformations "P-lattices and give a precise definition in a moment. 
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Definition 3.1 (P-points) 



Let M. = {M,S) be a real super manifold of super dimension (m,n) , 
M = A1# being an ordinary smooth n-dimensional manifold and S a sheaf 
of unital associative super commutative super algebras on M , locally 
~ (g) A (2^") • Then a P-point of is a morphism A of from ({0}, V) to 
Ai as ringed spaces. Here an equivalent definition: A pair A := (a, a) where 
a G M is an ordinary point and a : Sa ^ V , where Sa denotes the stalk of 
5 at a , is called a P-point of Ai . A"^' := a G M is called the relative body 
of A . We write Ae-p M . The set of P-points of M is denoted by . 

Having chosen local super coordinates on M. , the P-points of M. 
lying in the range of these are in 1-1-correspondence with tuples 
{ai, . . . , ttm, oti, . . . , an) G T?®'" 7?®™ ^ and in this notation the rela- 
tive body is given by (^af , . . . , a* ^ G M®"* . li N = 2 (infinitesimal super 
deformation) we have a 1-1-correspondence between and pairs (a, v) 
where a £ M and v G {sTaM. (8) V)q , sTaM denoting the super tangent 
space of at a . 



Obviously every super morphism between the real super manifolds 
M = (M, S) and J\f = {N, T) induces a map . So we obtain a 

whole functor from the category of real super manifolds to the category of 
sets, and this functor restricts to a functor from the category of real super 
Lie groups to the category of groups. Indeed, given a real super Lie group Q 
with body G , the multiplication super morphism m : Q y. Q ^ Q turns the 
set of all 7^-points of G into a group via gh := m{g, h) for all g, h G-p G , 
and clearly : G , g ^ g^' is a group epimorphism. 

Definition 3.2 ( :P-lattices) 

Let ^ be a real super Lie group with body G and T IZ be a subgroup. 
T is called a 7^-lattice of Q iff 

{i} := 1 7* 7 G t| IZ G is an ordinary lattice, called the relative 
body of T , and 

{ii} : T ^ T#' , 7 7*' is bijective and so automatically an isomor- 
phism. 

Of course given a T'-lattice T of ^ with relative body F \Z G and g E-p Q 
with = 1 we get another P-lattice gTg~^ of Q with same relative body 
r , and we are interested in classifying all the conjiigacy classes for given T . 
If TV = 2 they are in 1-1-correspondence with (r,0) '^^)q , T acting on 
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the super Lie algebra g of ^ by sAd , compare with the classical case for 
example in [7j. 

One is also interested in the question if it is always possible to extend a 
given local super deformation of T to higher degree of nilpotency: Let 
Q ■=r /X^-i . Then Q fulfills the same properties as V with maximal 
ideal J := X jX^^^ , J^^^ = . The canonical projection ^ : V ^ Q 
obviously induces a map respecting from "P-points of a super manifold 
Ai to its Q-points. Now given a Q-lattice T of a super Lie group Q , does 
there exist a "P-lattice T such that x'' = T ? As in the classical case the 
answer is yes if H'^{T,g) = , and the converse is false. 

Given a P-lattice T of a super Lie group Q and 7 G T such that (^7*') = 1 
for some n G IN \ {0} , automatically 7" = 1 , and so by the following 
lemma 7 is conjugate to 7*' : there exists g G-p Q such that g^' = 1 and 
7 = 57* 9 ■ 

Lemma 3.3 Let G be a super Lie group with body G and super Lie alge- 
bra Q , and let n £ I>f \ {0} . Then the equation g^ = 1 defines sub super 
manifolds Ai of G whose bodies are precisely the connected components of 
M := {g £ G \ g"" = 1} . Let g^ G M and V ^ Q be a graded complement 
ofde {90) ■ Then exp{x) 9o 6xp(— x) locally at go defines a super diffeo- 
morphism V ^ A4 , V regarded as a real super manifold. 

Proof: Let the super morphism ^2 : g — )• ^ be given by 
exp(xy) 5'oexp(x3) exp(-xy) , where xv and denote the projec- 
tions on along the splitting Q = V ® (go) , Q treated as a real super 
manifold. Then a straight forward calculation shows that the super 
differential sDQ{0) is bijective, and so is a super diffeomorphism locally 
at . Now il" defines a super morphism ^ : g — t- ^ having = 1 and 
sD ^'(O)lj^(gp) is injective. Therefore the equation = 1 locally at defines 
the sub super manifold V of g . □ 

From now on let again G be the real sub super Lie group of 
(GL(2,C) X GL(r, C))'^^ from section 1 given by the equations gLg* = L 
and Ber g = I . Then G^ is the set of all even super matrices (p(2k)x(2|i")^^ 
(even entries in the diagonal, odd entries in the off-diagonal blocks) fulfilling 
these two equations, and the product of two of them can be computed via 
ordinary matrix multiplication. Of course the action a : ^ x H^^ — )• H^^ 
induces a group homomorphism from G^ into the group of P- super auto- 
morphisms of -frl*" respecting : 
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Definition 3.4 ( V- super automorphisms of i^'*^ ) 

An automorphism $ of the ringed space [H,V'^ M {Oh ^ A (C*"))) , 
V^M{Oh(^ MC)) treated sheaf of unital Z2-graded P'^'-modules, is 
called a V- super automorphism of H^^ . Clearly the projection 
*' : V ^ ]R induces an embedding H^'' ^ {H,V^ M {Oh MC))) as 
ringed spaces whose underlying map H ^ H is the identity. The unique 
super automorphism of H^'^ such that 

^ {H,V^M{Oh(S) MC"-))) 

i o ; $ 

i/l'- ^ {H,V^M{Oh^ A{C''))) 
is called the relative body of $ . 

In practice V- super automorphisms of -ff'^ are given by tuples 
{f,Xi,...,Xr) G {V^^O{H\'^))q e {V^ M O {H\'^))®'' , and in this 
notation the relative body is given by the tuple 

(^f*', Xf,..., Af') G O {H\^)q e O (i/l'^)®'' , where *' denotes the com- 
plexification and right- Oh "X" A {'C-^') -linear extension of the projection 

*' -.v^n. 

Do not mix up the body * and the relative body : 

Given some g G-p G and some V- super automorphism $ of H^^ , g*' , the 
relative body of 5 , is an ordinary point of G , while the body g"^ of g by 
definition coincides with the body of g"^' and is an element of Autif . 
The relative body of $ is still a super automorphism of H^"^ , while 
the body of <I> is the underlying ordinary automorphism of H . g and 
$ are local super deformations over V resp. of their relative bodies g"^ 
and . 

Taking the relative body ^' means set all generators of V to zero, taking 
the body * means set everything to zero which is nilpotent, the generators 
of V and the odd coordinates Cij • • • , Cr on H^^ . 

In the end of this section let us discuss - for the lattices T IZ G of the 
examples 11.21 - H^(r,Q) and the 'P-lattices T of Q with relative body T : 



First we observe that after identification gi ~ C 



rx2 



3go (70) = sZ(2,lR)e3^(,) {Eq) , 
3g,(7o) = Eig,Ji?o)®'. 
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(i) By lemma 13.31 we see that if 1/ is a graded complement of 

3g ^7o, Rj +3g ^7o, in 3g (70) then the conjugacy classes of P-lattices 
T of ^ with relative body T are in 1-1-correspondence with (V (8> I)q 
via the assignment x ^70) -^j exp(x)'S'exp(— x)^ • So there are no 
obstructions for extending a local super deformation of T to higher 
degree of nilpotency, and 

/?i(r,g)^3g(7o) /(3g(70,i?)+3g(70,s)) . 

H^{T,Qo) ^ 5/(2,lR) /(3,,(2,R)(i?)+3ai(2,R)(^)) 

© 3u(r) (^0) / (3u(r) (^0, E) + {Eo,F)) , 

where the first summand is of dimension 1 . Since E and F commute 
with Eq we may define ip,ip £ GL (^'igso (^0)®^^ as u 1— )• EuR~^ resp. 
u I— )• FuS~^ . Then 

H' (r,0i) Eig,„ {Eof^/ (Eig,((^) +Eig^(V')) , 

which has maximal real dimension 4r = dimgi if for example 

Eq = E = 1 , det F = —1 , F has no real eigenvalues, Eq = e = 1 and 

7/ = i . 

(ii) First case: m > 1 . Again by lemma 13.31 it is enough to consider V- 
lattices T of ^ having 70 S T modulo conjugation with g £ Zg (70) , 

= 1 , where Zg (70) denotes the centralizer of 70 in Q , which 
is a sub super Lie group of Q with super Lie algebra 3g (70) . Obvi- 
ously these lattices are given by "P-points of Zg (70)^^ +m-i ^[f^]^ body 
( Ak , Bk ) Ci ] (from now on we will drop the index) , 

V y k=l,...,g*,l=l,...,m-l 

but not in 1-1-correspondence, we still have to devide out conjugation. 
However we observe that again there are no obstructions for extending 
a local super deformation of F to higher degree of nilpotency , and 

sdim H^{T, g) = {2g* + m - 2) sdim 3g (70) + sdim 3g (^70, ifc, Bk, C;) 

Since 3g (^jo,Ak,Bk,Ci^ = {Eq, Ek, Fk,Ci) is purely even we ob- 
tain 

dim (F, go) = (25*+m-2)(3 + dim3^^)(^o)) 

+ dim3u(r) {Eq, Ek,Fk,Ci) , 
dim//i(F,gi) = 2(2r7*+m-2)dimEig,J^o) ■ 
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Second case: m = . Then 70 = 1 , and with the super morphisms 

$ : ^ g defined as [gi, hi]-- - [gg* , hg*] and 

* : ^ — >■ G^^* defined as (^gAkg~^ , gB^g^^^ we see that 

H^{r,Q) = kers£»$ (ifc,-Bfe) / Im sD^{l) , so 



sdim iJ^(r,f() = (2/ - l)sdim 0- sdim Im 

+ sdim 3g (^Ak,Bk^ . 

Some longer calculations show that 

Im sD^ =si(2,Il) e3a«(r) {Ek,Fk)^ , 

where -'- is taken with respect to the Killing form on su{r) , 
Im sD^ (^Ak,Bk^^ = fli , and 3^ (^Ak,Bk^ = 3u(r-) (^ifc,^fe) is purely 
even. So in the end 



dim/?i(r,0o) = 2(5*-l)(3 + r2)+2dim3^,)(£;fe,Ffc) , 
dimi?^(r,0i) = 8(5*-l)r. 

In contrast to the case m > 1 here one can construct examples with 
obstructions for extending a local super deformation of T to higher 
degree of nilpotency. 

4 local sheaf deformation 

Throughout this section let X be a topological space with second count- 
ability axiom and V = Vo(BVi a finite dimensional unital associative super 
algebra over a field K having a unique maximal ideal I , = for some 
N Ef^ , and a canonical projection 1^' : P — > V/I 2± K . Let £^ be a sheaf 
of Z2-graded left-P-modules over X such that locally 

£ V(g)E 
E 

where E := £/I£ , which is a sheaf of iT-vectorspaces over X , and 

^' : £ ^ E denotes the canonical projection. Then of course £ can be given 

by a locally finite cover {Ui)^^j of X , isomorphisms 



24 



#' \ O v/ #'|g,jfj 

and transition functions 

^Pij = id + A^j : V E\u,nu, -^V® E\u,nUj , 

i,j £ I , between them, where Aij : V <^ E\ij.r\Uj I <^ E\u.f^Uj are left-P- 
linear maps. Obviously IZ ker , so these local isomorphisms 

glue together to a canonical global isomorphism X^~^£ ~ X^~^ E . 

Lemma 4.1 Let d := dim£^(X) < oo . Then 

d < dimx S{X) < d dim^ V , 

and equivalent are 

(i) dimK£{X) = d dim^P , 

(ii) there exist fi,---,fd € S{X) such that ^/^ ,...,/* ^ is a basis of 
E{X) , 

(Hi) £{X) is a free V -module of rank d . 

Furthermore if (ii) is valid then (/i, . . . , fd) is a V-basis of £{X) , and the 
assignment fs fg , 6 = 1, . . . ,d , induces a V -module isomorphism 

£{X) c± V®E{X) 
*' \ O ®id ■ 

E{X) 

Proof: The first inequality is of course trivial if X = . For X 7^ let iV' G IN 
be maximal such that V . Then I^' ® E{X) = X^' £{X) C £{X) , 
which proves the first inequality. 

The second inequality, the implication (i) (ii) and the last statement will 
be proven by induction on G IN \ {0} . If = 1 then X = and all 
statements are trivial. 
Now assume 

jjv+i ^ . Then define Q := V /X^ , which has the unique 
maximal ideal J :=X jX^ , = and Q/J 2± if , and let 'I : :P ^ Q be 
the canonical projection. Let f := £ jX^ £ and 

^ : £{X) £\X) 
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be the hnear map induced by the canonical sheaf projection E ^ E'^ . Its 
kernel is E{X) = (g) E{X) . By induction hypothesis 
dimx £^ {X) < d dmiK Q , and so 

diuiK £{X) < d dimx Q + d dim;<:X^ = d dimi^ V , 
which proves the second inequality. 

For proving the implication (i) ^ (ii) assume dimK£{X) = ddim^T^ • 
Then since dim^- V = dimx Q + dim^^: , 

dim;^ (I^ (g) E{X)) = d dim^X^ and dim^ £^{X) < d dimx Q we see that 
necessarily 

^ : £{X) £\X) 

is surjective and dimxE^X) = d dim^ Q ■ So by induction hypothesis and 
surjectivity there exist /i, • • • , /d G ^i^) such that (^ff ,...,/* ^ is a basis 
of E{X) , which proves (ii) . 

For proving the last statement let fi,---,fd £ ^(^) such that 
(^ff ,...,/* j is a basis of E{X) . Then by induction hypothesis 

^/},...,/^^ is a Q-basis of <S^(X) . For proving that (/i,...,/^) spans 
E{X) over V let F e E{X) . Then there exist ai, . . . ,ad & V such that 

and so 

A := F - a\f^, aj/^ G I^E{X) = X^ ® EiX) . 

Since ,ff^ is a basis of E{X) we see that there exist 

bi, . . . ,bd & X^ such that 

A = 61 /f + • • • + 6<i /#' = 61/1 + • • • + bdfd , 

and so 

F = {ai + bi)fi + --- + {ad + bd) fd ■ 
For proving linear independence let ai, . . . ,ad & V such that 

ai/i H \-adfd = 0. 

Then a\f^ + ■■■ + a\f\ = in f V^) , and so a^^ = • • • = aj = . Therefore 
ai , . . . , G X^ , and this means 

= ai/i + • • • + adfd = ai® ff + --- + ad® ff . 
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4M.' 41' 

Since , . . . , are linearly independent over K we get ai = • • • = = . 

Now (ii) (iii) follows from the last statement, and (iii) (i) is of course 
trivial. □ 



The crutial question is now: Given an element / G E{X) , is it possible to 
adapt / to the local deformation 6 of E , precisely, is it possible to construct 
fe £{X) such that J*' = f 1 

Lemma 4.2 Assume that H^{X,E) = . Then for all f £ E{X) there 
exists f G £{X) such that = / . 

Proof: via induction on iV G IN \ {0} . If iV = 1 again the statement is 
trivial. 

Now assume = . Again define Q := V jT^ with unique maximal 

ideal J := X jX^ and canonical projection ^ : V ^ Q . Let / G E(X) . 
Then by induction hypothesis there exists /' G £\X) such that 
/'#' = / . Since £^ is given by local isomorphisms £^ ~ Q 'Si E with 
transition functions w^- = id + A-,- : QS Eln^nU-i — ^ QS Eluinu^ we see that 
/' is given by sections /|[/. - a^^ e Q (g) Elu^nUj , where ai e X (g) E (Ui) , 
i £ I . Using ip'lj (-^ ~ ^i) ~ f ~ ^\ Ui nUj an easy calculation shows 
that Aij{f - ai)^ = a\ - a] , and 

aij := Aij if - ai) - ai + aj eX^ ® E {Ui nUj) , 

i,j € I , define a cocyclc in X^ (g) {{Ui)ii=j ,E^ . Since by assumption 
H^{X,E) = wc sec that after maybe some refinement of the open cover 
(^i)iel may assume that there exist G X^ S> E (Ui) , i € I , such that 
o-ij = Ti — Tj . Now an easy calculation shows that f — ai — TiGVSE (Ui) , 
i E I , glue together to an element / G £iX) having /#' = / . □ 



5 Super automorphic forms for 7^-lattices 

Let again be as in section 3 and G Z . For g e-p Q , U C H open and 
/GO ((5#?7)''') there is little hope that / ^ ^'~~) ^^^^ 

lie in O (C/l'') . However, 

I,,, : V^MO (^{9*uY) ^ V^MO {U\^),f^f (^g j j (^gA^ 
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defines a Z2-graded "P -linear map, and so in particular we obtain a right 
representation of onV'^MO {H^"") . 

For defining super automorphic resp. cusp forms for a P-lattice T of ^ again 
we have to describe boundedness resp. vanishing of a super function on the 
super upper half plane -ff'^ at a cusp of H . For this purpose let again 
go & G he of the form ([T]) in section 2. 

Lemma 5.1 There exist series («S'„)„g]yf G IN and ^ (-'^^diag) 

such that 

(i) lim„_^oo Sn = +00 , lim„^oo Dn = , 

(a) exp {2TTiDn) = Eq" , e^^^'^'^ = e^" and therefore g^" = expxn for all 
n G IN with Xn ■= Xn""^ + Xn^"^ , 



xT^ ■■= 27ri 



i trDn 1 










nilp 



Sn 


\ 
















G 00 





V 





Proof: simple Dirichlet argument. □ 

Now let go ^-p G such that go^ = go • 
Theorem 5.2 For large n G IN .■ 

(i) There exist unique Xn G ('P "X" 0)0 such that Xn* = Xn and 
g^^" = exp . sAdggXn = Xn , and [Xm,Xn] = in the Lie algebra 
{V <^ 0)0 for all m, n G IN large enough. 

(a) There exist V- super automorphisms Vin of H'^' such that Qn = Id , for 
alltGM. 



exp {txn) i O I exp {txn) 
HV y i^k 



and 50 1 O i 50 



Proof: Let n G IN be so large that 4trD„ and all the entries of Dn lie in 



1 1 
2' 2 



(i) For proving existence and uniqueness of Xn it suffices to show that 
exp : 

C(2|r)x(2|r) ^ GL(2|r, C) is a local super diffeomorphism at Xn , and 
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by the super inversion theorem it is even enough to show that sD exp (xn) is 
bijective. But since Xn is an ordinary point of go and a super differential at 
an ordinary point involves the odd coordinates only in first order, we may 
without loss of generality replace the odd coordinates of C^^''"^^'-^!'"^ resp. 
GL{2\r, C) by even ones and so instead show that 
exp : c(2+Ox(2+r) ^ Q]^(^2 + r, C) has bijective differential at 

use theorem 1.7 of chapter II section 1.4 in 

[3], which says: 

Let G be a Lie group with Lie algebra q . The exponential 
mapping of the manifold q into G has the differential 

1 — e"^^^ 
adx 

As usual, Q is here identified with the tangent space gx ■ 

Hereby e denotes the unit element of the Lie group G , and Ig denotes the 
left translation on G with an element g £ G . 

Clearly ady = ad diag + ad niip with nilpotent ad niip . ad diag is diag- 

Xn Xn Xn Xn 

onalizable and its eigenvalues are differences of the eigenvalues of Xn^^ 
and therefore G ] — 2i7r,2i7r[ . So — — is trigonalizable with all 
eigenvalues different from , which shows that exp is indeed a local super 
diffeomorphism at Xn ■ 

Now sAdg^Xn £ iV ® 0)0 has relative body Ad^^Xn = Xn , and 

exp {sAdggX^) = go {ex.pxn) = 90^" ■ 

Therefore by the uniqueness of Xn we see that sAd^^Xn = Xn , and so go 
commutes with all exp (tXn) , t £ TR . Furthermore let t G IR be arbitrary. 
Then sAdexp(fx;^)X^ G (7^ ® s)o has relative body Adexp(tx^)Xn = Xn , and 

exp (sAdexp(tx^;:)x;) = exp (tx^) (exp Xn) exp {-t)Om) = §0^" . 
Again by the uniqueness of Xn we see that sAdexp(t3;~)Xn = Xn ■ So 

[Xm,Xn] = . □ 

(ii) Take any norm | | on the finite dimensional complex algebra 
(^-pC^{2k)x(2|r) ^^^^ ^^^^^ ^^.^^^ C > such that \XY\ < G\X\ \Y\ for 

ah X,Ye (pC)(2k)x(2|r)_ ^^^^^^y G ® 0)0 C ((pC)(2k)x(2|r)^J^ ^ 
exp (tXn) G-p G , t £JR , can be computed via ordinary exponential series 



29 



oo ^ 

exp (tXn) = V — ri^xi^ 
' ml 



m=0 



whose components are everywhere convergent power series in t since 
|~m| ^ ^m-i |~| foj. all m G K . Let 





^ ait) 


bit) 


„it) ^ 




exp (tXn) = 


c{t) 


dit) 


uit) 






[ pit) 


ait) 


Eit) ) 





(2|r)x(2|r) 



[[*]] • 



Then by (exp (tXn))* = exp itxn) we see that c(i)#' = and 
dit)*' = e'^^^'^^* . Therefore 



1 - e 



icit)i + dit) + uit)0 (co)^ [M] 



is nilpotent, more precisely its AT-th power vanishes. Therefore all compo- 
nents of 



exp itXn) 



ait)z + hit) + ^it)C 



^ I c(t)i + dit) + vit)C \ p[t)i + ait) + Eit)Q 



N-l 



„—mtiDnt 



(c(t)z + d(i) + Ki)C))' 



m=0 

ait)z + bit) + 



pit)i + ait) + E(i)C 
are everywhere convergent power series in t . Write 



exp(ix;) lyj = i-j^\(^'0 



#' 



Then since exp itXn) 



c 



exp itXn) I I we see that 

c 



fit, ()#' =t + i and r)it, Q*' = exp (27rit {D„ - ^trDn l)) C ■ Now define 
the V- super automorphism Q of ijl'' by 



— j (^z-i, exp ^27rz(z - i) Qtr£)„ 1 - i:'^ ) ) C ) • 
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Then Q*' = Id , and we prove that fulfihs the first commutative dia- 
gramme, in other words it transforms the action of exp {txn) into the action 
of exp (tXn) ■ Since the commutativity of the diagramme is equivalent to 
the equahty of two tuples of holomorphic functions on H it suffices to prove 
its commutativity on the non discrete subset JR + i C H . So let t, u G M . 
Then 



n exp (tXn) \ \ = ^ 



C J J \ exp {nit (2L»„ - trZ)„ 1)) C 

{t + u, exp {niu (trD^ 1 — 2L'„)) Q 



exp {iriu (trD„ 1 — 2£)„)) ^ 
= exp {tx^) exp (uxn) 



exp {iriu (trD„ 1 — 2£)„)) ( 



exp (tXn) I — I (^^! exp {mu {trDn 1 - 2D„)) () 



= exp {tXn) ^ 



u + i 



c 

Since finally go commutes with all exp (tXn) , t G M , 

^n-= Y H 9o'^ 9q'^ 
has all the desired properties. □ 



1 

2-r 



From now on we will heavily use that j I g, j = Ber sDg \ 

for all g &v Q 1 and therefore we have to assume r ^2 . 

Definition 5.3 

(i) hei R>Q and f eV^MO ({Im z > such that f\g^ = f . Then 



:= / I I y I I (Ber sL>J^„)^ 
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is invariant under \gg . / is called bounded (vanishing) at zoo iff is 
bounded (vanishing) at ioo in the sense of definition 12. II fi) for almost 
all n e IN . 

(ii) Let zq G dpiH and 7 ^ such that 7* G iV^o \ {id} . Let U C H he 
an open and 7*-invariant neig hbourhood of zo and / G ® O (^/l^) 
such that /I7 = / . Take some g G-p Q such that g'^ioo = zq and either 

50 '■= (ff*') 7*'^*' 01 go := (^ff*') (^*') form ([T]) 

(in fact we always find ordinary elements in G providing this). Then 
90 ■= a'^ia Q resp. go := g^'^^'^g Gp G has relative body go , 
and /Ig is invariant under . Now / is called bounded (vanishing) 
at Zo iff /Ig is bounded (vanishing) at ioo . 

Observe that all powers (Ber sDQn)^ , n G H , are well defined since 
n*' = Id and so (Ber sDQn)*' = 1 • 



Of course we have to prove well-definedness in definition 

(61 ^ 



which is 



not at all trivial. For D 



\ 



G R^f/g and / G p(r) let 



6r 

iiiD := Y^idi^i ■ Then det/ exp (27riZ)) = e^'^**''^^ . Let us start with the 
independence of (i) of the choices of the V- super automorphisms VLn of H^^ 

Let / G p(r) . If det/ / 1 then 



A/ := min||/i| ^ G R, e^^''' = 4+'^^' det/ ^^^^ } > 0. 

Clearly tr/D„ - trL»„ ^ for n — )• 00 . The independence 
is shown by the following lemma: 

Lemma 5.4 Assume that n G ^ is so large that for all I G p(r) 



171 +k 
iiiDn — trDr, 



< 



1 if£Q^ '-^'det/^o = 1 

5„A7 ife~^-\'UeiiEo^l 



and let O be a V- super automorphism of H^'^' having 0,"^' = Id and com- 
muting with all exp (txn) , t G R . Let f G O ({Im z > i?}''') be invariant 
under . Then if f is bounded (vanishing) at ioo so is f\n ■ 

Proof: Let H be the super automorphism of H^^ given by 

. Then = id , and straight forward 



exp(^i^(2L>„-tri?„l))C 



computations show that Ber sDr. = e~ 



7ri(r — 2) trP^ 
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fj\r ^ ff\r 

exp (^txn^"^^ i O I cxp (tXn) , 



jj\r _^ 



Z+1 



and /Is = /Is I ^ I = /Is l^^p^niip , where 




First we show that / is bounded (vanishing) at ioo iff /|s is bounded (van- 
ishing) at ioo . 

Since |s respects the spUtting / = J2i&p{r) fi(^ assume 
without restriction that / = //C^ for some / G p(r) and 
fieO ({Im z> R}) . Then 

_. 2trj-0„-(|J| + fc)trD„ 

/|s = e"^ s-^ 7. 

First case: det/ = 1 . Then trjDn - ^-^tiDn < 1 

by the assumption on n , and so since on the other hand 
g7rj(2tr,D„-(|7|+fc)trD„) ^ ( e'^-^^Ueti Eo) " = 1 we See that 



\I\+k 



tviDn - ^ trLl„ = , and so /|s = / • 



iics 



Second case: Eq det/ Eq ^ 1 . /|g„ = / imph 
fi = SQ^ det/ Eq fj{z + 1) , and so by Fourier decomposition 
we may assume without loss of generaUty that // = e^'^''^^ for 
some /X G R , e^'^^'^ = ej^'-^' deti E'^ . So 

/Is = e V ^ ; C • 

Assume / bounded at ioo . Then /x > , and so /x > A/ . 

Since tiiDn — ^-^^ trZ)„ < S^A/ by assumption on n , we have 
2^ _^ 2trjD„-af|+fc)tr£»„ ^ q ^^^^ ^^^^ vanishing 

at ioo . 

Conversely assume / not vanishing at ioo . Then < , so 
/X < -A/ and therefore 2m + ^HiiZii^iiLdil^ < . We see that 

On 

in this case /|s is even not bounded at ioo . 

So replacing / by /|s and CI by S"^ o o S we may assume without loss 
of generality that /| niip = / , fi*' = Id and Q commutes with all 



33 



exp ytxn j ■ A simple computation shows that then 0, must be of the 
form 

V C + E bjC ) ' 

all a J G T*^ , 6 j G (X*^) ®'' of suitable parity, and therefore 

Ber sDQ = 1 + Ejep{r) ^^C'^ with some cj G X*^ . So if we assume without 

loss of generality that / = fj(^ , I G p(r) , fj € O ({Im z > R}) , we obtain 



Af-1 



m=Q \J&p{r) I \ J&p{r) 



k 

2-r 



1 + E ^^c^ 

Jep(r) 

which is a linear combination over "P*^ of expressions fj"^\z)(^^ , 
m G {0, . . . , — 1} , K G p(r) . Therefore if / is bounded (vanishing) at 
ioo then so is /|q . □ 

The following lemma is of independent interest but will in particular show 
that (i) is independent of the choice of the series (S'n)„gN (-^")n6N ■ 

Lemma 5.5 There exists no G IN such that for all n > uq : f is hounded 
(vanishing) at ioo iff is bounded (vanishing) at ioo in the sense of 
definition \2.1\ (i). 

Proof: We just have to show that for large m, n G IN we can find a common 
ilm = ■ For this purpose let Vtn be given by theorem 15.21 (ii) . Then since 
all exp (tXrn) and exp {uxn) , t, u G H commute, we see that 

Vt'^ := Q!^ := / exp (Inia^On) o f]„ o exp {-iTriaXm) da 
Jn/z 

fulfills at the same time all the desired properties of both and Qn in 
theorem 15.21 (ii) . □ 

Now let us show the independence of (ii) of the choice of g G-p G : 

Let g G-p G such that := ^g* ^ 5o5* is again of the form 
^ with some e'q G U{1) , E'q G U{r) diagonal, Sq = detE'^ . 
Then e'q = Eq and E'q = PEqP^^ with some permutation matrix 
P G U{r) . f\g is invariant under , g^ := g~^gog , and we 
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have to prove that if / is bounded (vanishing) at ioo then so is 
f\g . Let the series (S'n)„givf and be given by lemma 

15.11 with respect to go . Then the series (5'n)„gi>^ and {D'^)n£i<i > 
D'n := PDnP^^ , and the resulting x'n ^ Qo , n e , fulfih all 
the desired properties of lemma 15.11 with respect to q'q instead 
of 50 ■ 

Lemma 5.6 Let n £ be so large that all the entries of Dn lie 

Proof: Let E G U{r) be the lower right corner of g"^ . Then 
obviously EP commutes with Eq . So since exp (liriDn) is 
the lower right corner of g^" we see that EP stabilizes all 
eigenspaces of exp {2-KiDn) . But all the eigenvalues of Dn lie in 
] — ^ , ^ [ . Therefore the eigenspaces of Dn are the same as the 
ones of exp (liriDn) ■ So EP even commutes with Dn ■ This 
implies Adg#'^Xn = Xn , and so Ad^^^,yiXn = Ad^Xn = Xn • □ 

Therefore for large n E IN : Xn' '■= sAd^^^,yiXn are the unique 
elements of ("P (8) 0)0 given by theorem 15.21 (i) with respect to 
go' and x'n instead of go resp. Xn , and i^'n := g^^ o Qn ° 9^ 
fulfill all the desired properties in theorem 15.21 (ii) with respect 
to go' and x'n instead of go resp. Xn ■ So we have to show 
that f\n„ bounded (vanishing) at ioo implies /Igl^; = flnjg*' 
bounded (vanishing) at ioo , which has already been proven for 
the well-definedness of definition 12.11 

course (ii) still depends on the choice of 7 . However, let us show that 
is invariant under replacing 7 G-p Q be some power 7™ , m G Z \ {0} : 

Without loss of generality we may assume that m G IN \ {0} and 



30 = 7"" ■ Let g := 


( ^ 

^/m 


\ 




G G . Then 




[ 


1 J 





g'o '■= g ^J^'g is again of the form [T] with some e'q G U{1) , 
E'q G U{r) diagonal, e'q = det E'q such that e'J™ = eo and 
E'o™ = Eo . Let the series (5'„)„gj^ and (-C>n)„eN be given by 
lemma ET] with respect to go ■ Then the series (5'^)„gN gi'^sn by 
S'n := mSn and {Dn)n^i^ and the resulting i ^ IN , fulfill 
lemma 15.11 with respect to g'^ . 
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Furthermore let Xn and be given by theorem 15.21 with re- 
spect to go and Xn' with respect to go' . Then we obtain 
Xn' = sAdg-iXn , and := g^^ o Vt^ o g fulfills all the de- 
sired properties in theorem 15.21 (ii) with respect to go ■ So we 
have to show that flgl^, = /|c„|g is bounded (vanishing) at ioo 
iff so is , which is quite obvious. 

Let T be a "P-lattice of Q and Tq denote the kernel of the body map 
T — )• Autif or equivalently the preimage of ^T*'^ in T under . 

Assume 7 G T . Then definition 15.31 (ii) is even invariant under replacing 
7 by another element r] £ T having 77* = 7* in the case where / is also 
invariant under |^ , which is a trivial consequence of the invariance of (ii) 
under replacing 7 G-p Q be some power 7™ and the following lemma. 

Lemma 5.7 Let 7, 77 G T having 7* = r/* . Then there exists some 
m G ]N \ {0} such that 7™ = 77™ . 

Proof: Clearly (7^"')* ~ ^^^'^ ®° 7'??"' G Tq for alH G IN . But Tq is 
finite, so there exist G IN such that I > I' and 7't7~' = j'-'r]'^' . Taking 
m := I — V yields 7™ = r/™ . □ 



Now we are ready for giving the definition of super automorphic and super 
cusp forms for the P-lattice T . 

Definition 5.8 (super automorphic and super cusp forms for T ) 

Let / G V'^ ® O (//l^) . / is called a super automorphic (cusp) form for T 
of weight k iff 

(i) /l^ = / for ah 7 G T , 

(ii) / is bounded (vanishing) at all cusps zq G T#\5piff of T'^\H in 
the sense of definition 15.31 

The Z2-graded P'^-module of super automorphic (cusp) forms for T of 
weight k is denoted by sMfc(T) (resp. s5fc(T) ). In general these spaces do 
not have a canonical Z-grading! 



As a trivial observation let us remark that if g G-p Q then 

sMk{T) ^ sMk [g~^Tg^ ,f 1— f\g is a graded isomorphism mapping 

sSkiT) to sSk (g^^Tg) . Furthermore (/|g)* = , for all 

9* 

open, and g G-p ^ , so in particular restricts 

to a linear map 
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#' 



mapping sSk{T) to s5fc ( T*' ) . 



From now on let F IZ G be a lattice and ki G Z be given by lemma 12.81 
which we may assume to be independent of the choice of p G {0, ■ ■ ■ ,r} by 
taking the maximum over all p . 

Theorem 5.9 (main theorem) For any V-lattice T of Q with relative 
body r and weight k > ki we have Ij2-graded V'^ -module isomorphisms 

sSkiT) ~ r'^(^sSk{T) 

no n 
sMfe(r) 

We will show that this is a special case of the situation discussed in section 
4 with K :=€ andV^ instead of V . 



Let us again briefly discuss example 12.31 (ii): In both cases 
sdim (r, s) = (1, 2) . Let T be a -P-lattice of G with T*' = T . 

In both cases we have indeed a Z2-graded "P^-module isomor- 
phism 

sMfc(T) ~ V^0sMk{T) 

/c = 1 in the first and A; = in the second case. This is evident 
applying the proof of theorem 15. 9| in particular lemma 15.101 and 
lemma 14.21 to this special situation using the fact that 

{E^) = {Ej) = in the first and {E^) = [eI) = 

in the second case. In particular we see that there exists in the 

~ ~ #' 

first case rj^ G sMi(T) even with •rf' = rj^ and in the second 

. — ^ — ^1 

case rfC, G sMo(T) odd with ry^C = rfC, ■ 
Now define the sheaves Fk ^ £k of Z2-graded T^'^-modules on X as 
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£k{U) ■.= [feV^®0 (T^x\uf) I /I7 = / for all 7 e T , 
/ bounded at all cusps € i7 of 

and 

:Fk{U) := {/ G O {T^~x\uf) I = / for all 7 e T , 

/ vanishing at all cusps G C/ of v*\h] 

for all [/ C X open. Recall that nx ■ H ^ r*\H ^ X denotes the 
canonical projection. Clearly sMfc(T) = £k{X) and sS^iT) = Tk{X) . 

induces a graded sheaf projection #' : — >■ E^/IEk — T*'"' (<0>, -Efe) 
restricting to a sheaf projection Fk T^kl T^T^k — r'^°\<0, F^) , where 
Ek '■= 0p=o^fc ^rid Fk := 0p=o-^fe ~^ denote the holomorphic vector 
bundles from section 2. 

Lemma 5.10 Locally we have 7j2-graded V'^-module isomorphisms 
Fk ^ V^®T'-^'{<^,Fk) 

no n 

£k - V^®T^°\0,Ek) 

*' \ ^ 1/ #'ig,id 

rh°i(o,£;fe) 

Proof: First case: zq ^ H . Then := {7 G F j ^"^zq = 2:0} C F is 
a finite subgroup. Since the action of Auti? is proper, there exists an 
open and (F^o)*-invariant neighbourhood U C H oi zq such that itx{U) 
is an open neighbourhood of in X and ttx induces a biholomorphic map 
V^°\U 2± iTx{U) . Via this biholomorphic map we obtain a graded sheaf 
homomorphism ip from £k\T,^{u) = -^fcLxC!/) *° 

^ r^oi (|0, Ek\^^^u)) =V^® rh°i (|0, Fk\^^^u)) respecting #' given by 

ifv : Sk{V) -^V^® V^-' (F, Ek),f^-^Y1 

' ' 7er^o 

for all V C iTx{U) open, where we use the canonical embeddings 
£kiV),V^0r^'°^iV,Ek)^P^^o(^{7rxHV)nU)^'^^ . 

For proving injectivity of t^y , F C i7 open, let / G £k{y) \ {0} 
and n G IN be maximal such that / G (X")^ (g) O (fI'") . Then in partic- 
ular ipv{f) = f^O mod (X'^+i)^®© (yl"^) , which shows that ipv{f) 7^ . 
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Now assume that ipy is not surjective for some V C irxiU) open and let 
n E ]N be maximal with the property that there exists 
he{X''f ® r'^"! {V,Ek)\lmipv . Then with 
T^o := |7 G T 7#' G T^o | C T we see that 

' ' 7eT^o 

and f = h mod ® O (yl'^) . Therefore h - ipy[f) = 

mod (X"+-'^)'^(S'r'^°^ (y, E";;.) . So maximality of n implies h—ipv{f) G Im (/9y , 
which is a contradiction to the linearity of (fy . 

Second case: zq G dpiH cusp of r#\i7 . Let 7 G T such that 7* generates 
jY^o Pi p# _ Again there exists an open and 7*-invariant neighbourhood 
U <Z H oi zq = ioo such that ttx{U) U {ioo} is an open neighbourhood of 
zoo in X , and irx induces a biholomorphic map (7*)\ U ~ '/rx(f7) • 

After applying \g to the sections of both the sheaf £k and the vector bundle 
Ek with a suitable g £ G we may assume without loss of generality that 
zq = ioo and go := 7*' G F is of the form ([1]). Define ^ := 7 . Let the 
P-isomorphisms J7„ , n G IN large, be given by theorem 15.21 (ii) and no G IN 
be given by lemma 15.51 Again we obtain a graded sheaf homomorphism 
tP from SkL^aniii^l ® ^^"^ fO' Ekl^^an^Ji^x) respecting #' and 



mapping to L^^"! (o, i^fcU^(c/)u{iS^} j given by 

for all y C TTxiU) U {zcxd} open, where again we use the canonical embed- 
dingsffc(y),P^«)r^°i(y,Efc) ^7^^^ C'((vr3^n^)n . Injectlvity of 

all ^y is proven in a similar way to the case zq £ H . 

Again assume that ^l^y is not surjective (resp. the preimage of 
-pC phol ^^^^^ ^Qgg j^Q^ J"fc(^) ) for some 

V C TTxiU) U {ic«} open, and let n G IN be maximal with the property that 

there exists h G (X")*^ L"^"' (F, E^^) \ Im 

(resp. /i G (X")^ L^^"! (F, Fj,) \ i^yFk{V) ). Then 



where := h ( f^^^— | (Ber sD^-^) 
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Let us show that indeed / is bounded (vanishing) at ioo if 
io^e V andhG {I^'f ® r^^°' {V, Ek) 

(resp. h G {Z'^ f ®T'^°\V,Fk) ): By lemma ES] clearly h\^-i , 
which is invariant under |^ , is bounded (vanishing) at ioo . Now 
let ?7 G To . Then r/^ = id and so r/~^7T/ G T has body 7* . 



So h\ 



which is invariant under 1,^-1^,^ , is clearly bounded 



(vanishing) at ioo . 

Again f = h mod 0(^1^) . Therefore h - ipv{f) = 

mod r^°i(F,Sfc) . So again /i - Vy(/) G Im (resp. 

h — ipvif) G V'V'-^A:(^) )) which is a contradiction to the linearity of ipy ■ 
Therefore all V'v > ^ C vrx(f^) open, are surjective. □ 

Finally for proving 

theorem \EE- (Ek) , (Fk) = by the choice of 
k . Let {fi, . . . , fd) be a graded basis of sMkiT) = {Ek) such that 
(/i, . . . , /t^/) is a basis of s5fc(r) = (Fk) ■ Then by lemma \^72\ there exist 
7i, • • • , /d' G -^fe(-'^) = ^^^(T) , fd'+i, ...Jd^ sMk{T) such that fs* = fs 
for all (5 = 1, . . . , d . Since is graded, after applying the projections onto 
the even resp. odd summand of sMk{T) to fs , 5 = 1, . . . ,d , we may assume 
without restriction that fs is graded of the same parity as fs , 6 = 1, . . . , d . 
Therefore the P'^-module isomorphism 

sMfc(T) -^V^® sMkiT) 

given by the assignment fs 1— )• fs is graded and has all the desired proper- 
ties. □ 
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